It is shown, within classical mechanics, that the field of an electromagnetic vortex is capable of capturing and guiding neutral molecules endowed with a permanent electric dipole moment (PEDM). Similarly as in the case of the magnetic field applied to elementary particles or atoms, this effect turns out to be very delicate because of the small values of PEDM observed in real molecules. They amount to 2 × 10 5 efm (electron charge × fermi) or less, which requires the use of very strong electric fields. It has also been observed that there exists a threshold in field strength above which the particles are ejected from the trap. Trajectories of guided particles are usually quite chaotic, which is a consequence of non-linearity of the equations of motion. With a very special and precise adjustment of parameters, a regular (i.e., circular, in the transverse plane) trajectory can be obtained. The presence of an additional constant electric field pointing along the direction of the wave propagation might help to achieve the necessary tuning and realize such trajectories.
I. INTRODUCTION
Trapping or guiding charged particles due to their interactions with electric or magnetic fields in various configurations constitutes a fairly well-known and wellestablished phenomenon. Manipulating neutral particles like atoms, molecules or elementary particles like neutron for instance, is much more subtle matter although not new either. This question dates almost 50 years back to Ashkin's papers [1, 2] in which the author proposed and reported on experimental accelerating and trapping small neutral particles using the radiation pressure exerted by the laser light. This light pressure was then used to demonstrate the levitation phenomenon of relatively large objects (up to 25µm) [3] , as well as to trap atoms [4] .
The other mechanism is based on polarizability of neutral particles, which leads to the appearance of the gradient force as a result of the spatial dependence of the electric field. This kind of traps, called 'optical dipole traps' was first considered in [5] and then used to focus the beam of sodium atoms [6] . The first atomic trapagain for sodium -based on this technique was reported over 30 years ago in [7] . Sodium turned out to be here an especially attractive object due to its high electric dipole polarizability at a relatively low mass [8] .
Yet another possibility is to use an external nonhomogeneous magnetic field to capture neutral particles endowed with non-zero magnetic moment as, for instance, alkali atoms or even neutrons, by creating a certain potential well. In the case of latter ones such a trap was successfully implemented in [9] , and later for sodium atoms in [10] .
The idea of a trap being rotated (see for instance [11, 12] ) led in turn to the suggestion of exploiting a rotating * Electronic address: t.radozycki@uksw.edu.pl electromagnetic wave, i.e., the one that carries a non-zero orbital angular momentum [13] [14] [15] and, due to the phase singularity located at the axis of symmetry, called the vortex wave. This idea turned out to be fruitful both for charged [16] and neutral particles [17] . As in the case of [9] , for the latter ones the trapping mechanism was based on the interaction of magnetic moments of particles with the magnetic field of the vortex. Due to very tiny values of magnetic moments of elementary particles, extremely strong fields are needed to trap or guide them but in principle it should be possible [18] .
In the present paper we would like to apply a similar idea to polar particles, i.e., those endowed with permanent electric dipole moment (PEDM). The symmetries of the Standard Model prevent elementary particles to have PEDM relevant from an experimental point of view [19] . Eventual measured non-zero values could be the sign of a 'new physics'. On the other hand, there are molecules possessing relatively 'large' dipole moments (above 10 Debyes); among them one can mention the diatomic molecules with ionic bonds like KBr, KCl, RbCl, BaS etc. [21] , for which, at least in principle, the effect might be measurable. In a static electric field a molecule rotating with respect to an axis perpendicular to the molecular axis would average its PEDM to zero, unless the external field is strong enough to play the role of a driving force. When a rotating electromagnetic wave is involved, the mutual position between E and d becomes important, and especially stable trajectories are achieved by synchronizing the motion of these two quantities. This synchronization can be enforced if the wave in question has a sufficiently high intensity.
It should be noted, however, that in typical experimental situations with elementary particles in time dependent electric field, there appears an additional interaction of the magnetic moment with the accompanying magnetic field (such as that given in (1b)) which turns out to have even stronger influence on the behavior of a particle than the electric one. Then the motion of a par-ticle becomes more complicated as a result of this double interaction. Let us, therefore, compare the impact of these two forces on the motion of molecules dealt with in the present work. Assuming typical magnitude of the magnetic moment of a molecule to be of order of µ B , the electric dipole moment of order of 10 D and taking into account that B/E = 1/c, one gets µB ∼ 10 −4 dE, which means that the magnetic effects may be omitted within our model.
It is quite interesting to observe that the property of trapping particles by a wave carrying orbital angular momentum seems to be quite universal. It is applicableas it has already been mentioned -to both charged and neutral particles provided they exhibit electromagnetic properties. But, interestingly, the same property can be attributed to gravitational waves and, as demonstrated by the early results, leads to trapping massive bodies through a similar mechanism [20] .
Currently electromagnetic waves that exhibit a nonzero orbital angular momentum are generated in many ways such as spiral phase plates [22, 23] , optical fibers [24] , computer-generated holograms [25] or spatial light modulators [26] , to mention only a few (for a nice popular introduction see [27] ). The most commonly used light beams of this category are Bessel-Gauss and Laguerre-Gauss beams, where the names refer to their radial profiles (see for instance [28, 29] ). In the paraxial approximation the electromagnetic fields of both above cases become linear in the radial variable and may be chosen in the simplified form:
with
where ω 0 stands for the wave frequency. As told above, the magnetic field will not play any role here. Consequently, in the non-relativistic approximation, the quotients z/c may be omitted. Then, the electric field satisfies the equation ∇ × E = 0. The motion in the zdirection becomes uniform and entirely decouples from the transverse degrees of freedom. The present paper is organized as follows. In Sect. II classical equations on motions for the translational and rotational degrees of freedom are formulated. From these equations a set of constants of motion together with additional identities can be derived. This is done in Sect. III. Numerical solutions of the equations for certain chosen values of parameters are found in Sect. IV. The appropriate trajectories in the plane perpendicular to the direction of the wave propagation are obtained. It is also analyzed how the values of the parameters of the model (intensity and frequency of the wave, initial energy of particles) affect the motion of particles being guided. In Sect. V a special circular trajectory (a helix in 3D) is studied. It is shown that this kind of a stable orbit can be achieved with a precise adjustment of the parameter values. An additional constant electric field oriented along the direction of the wave propagation allows to relax the tuning condition.
II. EQUATIONS OF MOTION
We will concentrate on molecules or other particles with axial symmetry (with respect to the axis corresponding to the vector of the electric dipole moment d), which, in classical mechanics, bears the name of a symmetric top. For such particles the tensor of inertiaÎ may be given the following form:
where
The parameter κ is introduced in order to control -if needed -the 'oblateness' of a given molecule. The values of κ close to 1 correspond to a prolate (or even linear in the extreme and most interesting case) particle, κ = 0 refers to a spherical top and negative values describe oblate ones.
The dynamics of such a molecule results from the interaction between the electric dipole moment and the electric field of the electromagnetic wave. The following equations of motion constitute the complete set for translational and rotational degrees of freedom of a molecule of mass m:
where r denotes its position and J the angular momentum. The latter can be written as
where we have introduced the 'projected' angular velocity
2 in place of the true angular velocity ω connected with the rotation of the molecule. This leads to some simplification of the equations of motion:
In fact, when guiding a polar particle along a beam of radiation, we are not interested in the value of ω, but mainly in the position r. Therefore, ω κ is a quantity equally good in our considerations as ω. Apparently ω κ might be (at least in principle) eliminated from the above equations, resulting in the motion independent of the value of κ. This is not true, since κ enters through the initial conditions for ω and d. Nonetheless from (6) one can draw a conclusion that for any 'oblateness' the same trajectory can be obtained by means of the appropriate modification on the initial conditions, although the rotational states will be different. Equations containing ω are much more intricate because of the nontrivial time dependence of the moment of inertia components connected with the instantaneous orientation of the electric dipole moment.
The set of equations (6) is highly nonlinear and it is unlikely to have it solved in an exact, analytical way, maybe apart from some special cases. General trajectories of a guided molecule are mainly obtained through the numerical solutions of the equations. For the numerical analysis it is convenient to introduce dimensionless quantities similarly as it was done in [17] :
where k = ω 0 /c. Using these quantities and appropriately rewritten electric field (1a), together with (2) taken in the nonrelativistic approximation, the equations of motions can be given the form (here · = d/dτ ):
As mentioned, this is the complicated, nonlinear set for nine unknown functions, the general solution of which is not available. In Figure 1 certain exemplary numerical solutions, for arbitrarily chosen values of the constants α and β are presented in the graphical form.
The motion in the direction of the wave propagation (the z-direction) is free. Contrary to this, in the perpendicular plane (xy) the motion is bounded, thus providing the opportunity to guide particles or molecules along a beam of light. In the following sections the set of equations (8) will be studied in more detail.
The exemplary two-and three-dimensional trajectories of a neutral, polar particle in an electromagnetic vortex field. On the left the motion in the perpendicular plane and on the right the corresponding trajectory in 3D are depicted.
III. CONSTANTS OF MOTION AND IDENTITIES
Manipulating the equations of motion, one can derive a couple of formulas for the constants of motion. The first two are rather obvious. They are the velocity of the motion along the z-axis and the absolute value of the electric dipole moment:
It should be noted, thatξ z might not be a constant if relativistic effects were taken into account. This phenomenon was observed and derived in [16] for charged particles moving in an electromagnetic vortex field and later in combination with a constant magnetic field [30] . However, the model considered in the present paper is non-relativistic by definition since the electric dipole moment is not a relativistic concept.
The following constant of motion, i.e.,
constitutes de facto an implementation of the principle of energy conservation. Strictly speaking, the energy in the considered system is not conserved due to the time dependence of the electric field of the vortex, which is not an ingredient of a dynamical system but rather an external field remaining under our control. This is reflected by the presence of the last term in (11) . The first three terms are just the kinetic energy related to the translational and rotational degrees of freedom and the potential energy of the dipole interaction with the electric field. On the other hand from (8b) one obtains
i.e., the variation in potential energy due to the explicit time evolution of the electric field. This term constitutes, therefore, the external source of the energy for the system.
The subsequent constants of motion are the zcomponent of the angular momentum stemming both from the translational and rotational motions:
and the projection of the angular velocity of the rotating particle onto the direction of the electric dipole moment, which is a direct consequence of the equations (8b) and (8c):
This reflects the obvious fact, that the electric field is unable to modify the component of the angular momentum of the rotating particle parallel do d. The constant H 5 becomes trivial for linear molecules since then this component identically vanishes.
One can also derive several identities useful for analyzing the motion:
where the first one can be proved to be equal to the square of (14) .
In particular, for a uniform circular trajectory, for which the (centripetal) acceleration is constant in time, one can deduce from (15b) that the dipole has to perform a uniform rotation with respect to the z-axis. This is confirmed by a direct calculation in section V.
IV. TRAJECTORIES
In this section we would like to draw and analyze numerical solutions of the equations of motion in the perpendicular plane. In general, the effects exerted by the vortex field on neutral particles are very delicate and in practical applications it is necessary either to pre-cool particles to be trapped or to use extremely powerful fields. Therefore, in the following subsection, we will focus on the strength of the electromagnetic field and initial kinetic energy of the particles and try to establish the magnitudes of these quantities for which the trapping ability of the vortex field can be achieved. The size of traps is of interest as well.
As it has already been mentioned, the 'oblaticity' parameter κ does not enter into the equations of motion (8) . It is hidden behind the quantity Ω κ and solutions of the equations for ξ and η do not depend on its value. It intervenes only through the initial state of particle rotation, and therefore, it does not have to be independently studied.
A. Field strength
A glance at the equations (8) shows that after rescaling the vector ξ with the factor β, the only parameter that remains is γ = α β which is proportional to the wave intensity or electric field squared. It should be remembered, of course, that the initial conditions for the particle position or energy are rescaled in a similar manner (and hence, the parameter β will still be present in the solutions), which should be taken into account when solving the problem numerically and scaling the axes of the coordinate system.
The actual values of PEDMs of neutral molecules, atoms or particles are extraordinarily small. Relatively 'large' value is measured for the Λ 0 hyperon for which
−4 e fm [31] . For the neutron the observed limit is much lower d n (−0.21 ± 1.82) × 10 −13 e fm [32] at roughly comparable masses of both particles.
In the case atoms, the observed upper limits account for 10 −11 − 10 −9 e fm (for instance [33] [34] [35] , see also the review article by Chupp et al. [36] ). As to the molecules the measurements show that PEDMs reach the value of 2 × 10 5 e fm for some linear ones. As an example can serve here the diatomic molecules of KBr, KCl, RbCl or BaS [21] . Estimated moments of inertia account for from 2.6 × 10 −3 u fm 2 for the neutron (and not very different for Λ 0 ) to 6 × 10 9 u fm 2 for small molecules. Due to the extremely small values of PEDM the trapping or guiding the particles due to the mechanism described in this work has by now rather theoretical nature and is limited to molecules since very intense fields would be required in experiments to achieve the goal. For instance electric fields of order of 100 kV/cm (which is, however, still much lower than the internal field in a molecule) yield the values of the parameter γ falling within the range from 2.5 × 10 −28 for Λ 0 to 10 −12 for molecules (assuming the electromagnetic wave frequency of order of ω 0 ≈ 10 12 s −1 ). This is the typical situation when trapping and guiding neutral particles, that the effects are very tiny: this equally refers to the particles endowed with magnetic moment [17, 18] in interaction with magnetic field. Figure 2 presents the numerical solutions of the equations of motion in the form of the particle trajectories for eight increasing values of γ. The trap would still be effective even for the values of γ which are several of orders of magnitude smaller than those presented in the figure but the trajectories become then very extended, and the time of particles oscillations very large. The fact that the trap would still play its role is due to its spatial extent (in fact unlimited in our model) and to the linear growth of the field in radial direction, according to the formulas (1) and (2) . In real circumstances, the beam of electromagnetic field is not so wide, and in any case, the range of applicability of the paraxial approximation is limited in space to distances of order of λ [30] . Roughly, one can say that the trajectories plotted in first three pictures correspond to escaping particles, and only a high increase of the electric field strength entails the capture of particles, as in the following four plots.
The interesting effect to be mentioned is the breakdown of the trap when the vortex field becomes too strong. This is seen on the last plot, where a particle, after a couple of oscillations, is kicked off the electromagnetic field. The mechanism of this effect is explained in the third plot of Figure 3 . Contrary to the first two drawings, where PEDM is either rotating constantly parallel to the electric field (as in the case of circular motion dealt with in Sec. V) or oscillating with vanishing mean value (as in the case of more chaotic motion), in the unstable case the PEDM is captured in an anti-parallel orientation. This results in the appearance of the radial force pointing outwards, i.e. towards the larger electric field, instead of the vortex axis. As a result, the particle is kicked out of the field. This effect occurs in magnetic traps as well [11] . It is so, since, for a very strong field, the greatest drop in potential energy in the four-dimensional space (the space of two angles of η, ξ x and ξ y ) for an anti-parallel orientation is achieved not by the rotation of the dipole, but by its ejection from the field. This phenomenon can be eventually compensated for by increasing the frequency of electromagnetic wave and consequently, the frequency of the rotation of E.
One should mention the observed fact of high sensitivity of the shape of trajectories on the initial orientation of the PEDM with respect to the electric field. It is a natural consequence of the highly nonlinear character of the differential equations (8) , which property introduces some chaotic character to the motion.
B. Initial energy
Quite a common situation in trapping neutral particles, whether by electric or magnetic field, is the need to cool them down to keep them trapped (see for instance [37] [38] [39] ). Due to the relatively shallow potential wells that are obtained in realistic situations, cooling down to millikelvins or even microkelvins is required. This can be achieved for instance by laser cooling and partially in a simple way of letting hot particles to escape from the trap. The same happens in the guiding trap currently under consideration, implemented by the interaction of the PEDM with the electric field of the vortex. The escape of particles caused by their excessive energies is a result of the finite size of the trap, which in our model (paraxial approximation) is, formally, not feasible but nevertheless, can be visualized. Figure 4 shows the gradual expansion of the trajectory (up to the dimensions exceeding the trap size) with the increase of the initial kinetic energy of the particles (all drawings cover the same time interval). This might be expected, but is not obvious due to the strongly chaotic nature of the equations of motion. The fact that the escape phenomenon occurs only for very high velocities is due to extremely strong fields (γ = 10 −10 ), and therefore, the plots should be treated as illustrative rather than quantitative. It can be roughly estimated, however, that for a particle with PEDM of 10 D, with transverse dimensions of the trap of order of the wavelength and an electric field of about 1 kV/cm, particles should be cooled down to temperatures of few millikelvins, which is quite a typical result for the very shallow binding potential.
Of course, apart from rather regular trajectories shown in the figure, there are also many more chaotic trajectories revealing the same phenomenon.
As we already know, in the case of extremely strong fields, formally capable of trapping particles, there appears another escape mechanism, mentioned in the previous sub-section (see last plots in Figures 2 and 3) . It should also be added that in quantum picture, the escape can also be realized through tunneling effect [18] .
V. CIRCULAR SOLUTION
Among all trajectories, more or less chaotic in nature, one can obtain, upon fine tuning of parameters a certain regular, circular trajectory. In order to find out that it is really possible let us look for a solution in the following form:
where ξ 0 and σ are certain constants. Then, from (8a) one easily obtains
with η 0 = −σ 2 ξ 0 /β ≤ 1 and η z0 = ± 1 − η 2 0 . If such a solution exists, it can be easily verified that
i.e., the projection of the PEDM onto the electric field is time independent since these vectors stay constantly parallel, in agreement with the first plot of Figure 3 . Integrating (8b), one gets
Now it stems from (8c) that the integration constant(s) Ω κ 0 for this type of a motion to be realized, must have the form:
which means that at the initial moment the PEDM has to perform the precession around the direction of the propagating wave. This precession is then preserved throughout the motion. The fine-tuning condition
can be released by inserting into the system a fixed electric field oriented along the z-axis (E z ). Such a field of adequate value enforces the desired precession leading to a condition easier to satisfy
where This situation is somewhat similar to that of [17] where a certain constant magnetic field parallel to the z axis was shown to possess a resonant values, for which spinning particles were carrying out a circular motion. In the case of charged particles, in turn, the combined action of the vortex field and a constant magnetic field caused the pinning of Landau's orbits [30] . Surely, one controls neither η z0 nor Ω κz0 , but particles not satisfying (21) or (22) finally escape from the trap, leaving inside only those performing the stable motion (16) .
Keeping in mind that γ is in general very small, the resonance condition (22) can be given the elegant form:
where ω r = σω 0 is the angular velocity of the particle in a circular motion state. This equation may be called a viral relation because it states that the kinetic energy in the rotational motion of a solid (this solid on the circular trajectory must be rotating with velocity equal to ω 0 − ω r in order to stay synchronized with the vortex field) amounts to minus one half of the potential energy of the interaction of a dipole with the external field. As it is obvious, the solution (16) satisfying (21) corresponds to a certain circular trajectory shown on the left plot in Figure 5 . For the parameters slightly detuned the trajectory gets changed into one (obtained numeri- cally from (8)) for which the circle travels back and forth, retaining its character, as depicted on the right plot. What is interesting, for still longer times τ , the circular orbit travels across the plane, still preserving the circular shape. In order to better visualize this kind of a motion without losing transparency, Figure 6 was performed to show the traveling position of the center of this circle when displacing. The line is obtained by averaging the particle position over the time of a single cycle.
VI. SUMMARY
The current work was concerned with the propagation of neutral particles (mainly molecules), endowed with the permanent electric dipole moment in the field of an elec-tromagnetic wave with phase singularity. It has been shown that this kind of a wave is able to trap such neutral objects and guide them along the vortex core. Due to the very tiny values of the electrical moments, this can be achieved by using huge values of the external fields. This is quite typical of magnetic traps, as in general the potential depth resulting from the interaction of magnetic moment and magnetic field is very shallow. This, naturally, requires the adequate pre-cooling of particles. A similar situation occurs in the current setup. It was shown, in a numerical manner, that the cooling of particles helps to prolong their trapping time.
A mechanism of ejecting the particles from the very strong field has been revealed. It is connected with the anti-parallel positioning of the PEDM and the rotating electric field, where it is energetically more beneficial to eject the particle outside than to turn the dipole moment.
The obtained trajectories exhibit in general chaotic behavior. This has been observed for particles guided or trapped via the magnetic moment interactions and is a consequence of strongly nonlinear nature of the equations of motion. The parameters can be, however, fine tuned so that the obtained trajectory becomes regular and stable: the particle then runs along a helix. Introducing an additional constant electric field along the vortex core allows to better control the motion and extend the range of parameters for which the motion is circular.
An interesting extension of the present work, with more practical realizations, would be to investigate the same mechanism of trapping and guiding neutral particles without PEDM but with a dipole moment induced by a vortex field.
